A new type of discrete soliton, which we call zigzag solitons, is founded in two-component discrete Rabi lattices with long-range hopping. The spontaneous symmetry breaking (SSB) of zigzag solitons is also studied. Through numerical simulation, we found that by enhancing the intensity of the long-range linearly-coupled effect or increasing the total input power, the SSB process from the symmetric soliton to the asymmetric soliton will switch from the supercritical to subcritical type. These results can help us better understand both the discrete solitons and the Rabi coupled effect.
Introduction
Spontaneous symmetry breaking (SSB) is a spontaneous process of symmetry breaking, by which a physical system in an asymmetric state ends up in an asymmetric state. In solid state and energy physics, SSB is a fundamental phenomenon [1] [2] [3] [4] [5] . In addition, much attention has been paid to SSB in nonlinear optics and Bose-Einstein condensates (BECs) [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . SSB can occur in various optical systems, such as double-well systems [20] [21] [22] , dual-core fibers [23] and waveguide arrays [24] [25] [26] . In BECs, the usual candidates can achieve SSB, such as double-well [27, 28] and dual-core [29] systems. Generally, two types of SSB exist, i.e., the subcritical and supercritical types, and they are tantamount to the first and second phase transitions in thermodynamics, respectively. Phase transition is very important in physics, so how to control both SSB and the phase transition in these two types of systems has become a hot research topic in optics and BEC over the last twenty years [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] . In particular, the SSB of discrete solitons were studied precisely in relation to the same effect in the continuous counterpart of a discrete system [40] .
In [41] , we first designed single-component waveguide arrays with a long-range linearly-coupled effect and created digital solitons. On the basis of this work, we extend two-component waveguide arrays with the Rabi coupled effect, which can be emulated in various optical systems, such as dual-core waveguides [42] [43] [44] , dual-core Bragg gratings [45] and period twisted waveguides [46] . Through numerical simulation, we found that by inducing the Rabi coupled effect in a two-component discrete system with the long-range linearly-coupled effect, a new type of discrete soliton, which we call zigzag solitons, can stably exist. The features of SSB, including the switch point from the supercritical type to the subcritical type in this system, are also studied.
The remainder of the paper is arranged as follows: in the second part, we briefly introduce the models and methods used for the stability analysis. In the third part, we study zigzag solitons and their mobility. In the fourth part, the SSB of zigzag solitons are presented in detail. Finally, the fifth part summarizes this paper.
Model and Methods
The model is shown in Figure 1 . It consists of two rows of waveguide arrays. The long-range linearly-coupled effect, by employing the non-zero off-diagonal elements in the coupled matrix [41] , exists in each row of the waveguide arrays, as shown as yellow dashed lines in Figure 1 . Rabi coupled effects exist between the upper and lower rows of the waveguide arrays, as shown as red and green dashed lines in Figure 1 . The red dashed lines represent the positive Rabi coupled effect, and the green dashed lines represent the negative Rabi coupled effect. The model is described as follows:
where {u n , v n } are the two-component fields, and the total power is defined as follows:
The coupled matrix elements in Equation (1) are given by:
where C 0 is the coupling strength between waveguides in the same row. In soliton dynamics, linear coupling will broaden the energy distribution, so it must be balanced by the nonlinear effect to form solitons. For simulation convenience, we set C 0 to one, where j = |m − n| − 1, to ensure that the system returns to the nearest-neighbor-coupled model when d << 1. d is the normalized decay length. It represents the strength of the long-range linearly-coupled effect in the waveguide arrays. If the separation between waveguides is extremely narrow, such a higher order cross-coupled effect can be induced [47] . In Equation (1), exp(i · θ n )v n and exp(i · θ n )u n represent the complex coupling between two-component waveguide arrays. is the strength of Rabi coupling. θ n is the synthetic gauge phase, which is easy to implement in BEC [48] [49] [50] [51] . In an optical system, it is difficult to realize the synthetic gauge phase. However, in [52] , by introducing complex coupling, the synthetic gauge phase between the waveguides was realized in a certain sense. Inspired by this work, we introduce similar complex couplings between the upper and lower rows of waveguide arrays. For the convenience of simulation, the coupling strength value is simplified to one, and the synthetic gauge phase θ n takes specific values of n · π. In this way, the coupling is switched between positive and negative to create Rabi coupling. When n in Equation (1) is even, exp(i · θ n ) = exp(i · n · π) = 1, as shown in the red dashed lines of Figure 1 ; in contrast, when nis odd, exp(i · θ n ) = exp(i · n · π) = −1, as shown in the green dashed line of Figure 1 .
The soliton solutions of Equation (1) can be assumed as:
where u n , v n represents the stationary solution of solitons and −µ represents the propagation constant. A vector composed of u n and v n is defined as follows:
Substituting Equation (5) into Equation (1), a matrix equation can be obtained as follows:
Here, C represents the long-range linearly-coupled effect between the waveguides in each component, and I is the diagonal matrix, in which the diagonal element
n , and I represents the Rabi coupled effect between two components of waveguide arrays. The stability of the stationary mode for Equation (6) can be numerically identified by computing the eigenvalues for small perturbations and by direct simulations. The perturbed solution is given as ψ(z) = e −iµz (φ + αe iλz + βe −iλz ). Substituting this solution into Equation (6) with linearization leads to the eigenvalue problem:
The solution φ is stable if all the eigenvalues of perturbation λ are real.
Discrete Zigzag Solitons and Their Mobility
In this part, the imaginary time propagation (ITP) method [53] is used to study the fundamental solution of {u n , v n }. It is also worth noting that we fix γ = 1 and set (d, P) as two controllable parameters of Equation (1) for convenience in the numerical simulations.
Through numerical simulation, a new type of soliton is found that we call zigzag solitons. Figure 2a shows typical zigzag solitons in this system, which looks like sawteeth. This means that the optical energy appears to hop up and down in the waveguide arrays, which has never been observed in other optical soliton systems. This occurs because the Rabi coupled effect between two components of waveguide arrays, (−1) n v n and (−1) n u n in Equation (1), changes the distributions of the optical energy and forms sawteeth-type zigzag solitons.
The numerical simulation also shows that these sawteeth-type zigzag solitons are symmetric and stable, as shown by the eigenvalues of the system in Figure 2b and the real-time evolution of the soliton solution with u n and v n in Figure 2c ,d.
Stable asymmetric fundamental zigzag solitons can also exist in the system. Typical examples are shown in Figure 3 , and unstable zigzag solitons are shown in Figure 4 . These new zigzag solitons are caused by the Rabi coupled effect and have not previously been reported. At the end of this section, the mobility of the zigzag solitons is shown. After introducing kicking into the u n solution, u n · exp(i · 0.02π · n), direct evolution is conducted to test the mobility. The kicking strength is 0.02π. Figure 5 shows the mobility of sawteeth-type zigzag solitons, which implies that the zigzag solitons have potential use in all-optical network routers. 
SSB of Zigzag Solitons
In this section, we study the SSB of zigzag solitons. A characteristic parameter, the asymmetry parameter (ASP), is defined to study the transition from symmetric to asymmetric solitons, as follows:
In Equation (8), ASP = 0 represents u n = v n and means that the two-component solutions are the same; we define them as symmetric solitons. On the contrary, ASP = 0 represents u n = v n , which means that the two-component solutions are different; we define them as asymmetric solitons. In statistical physics, parameter Equation (8) is called the order parameter. Through numerical simulations, we found that increasing the total power P or decreasing the decay length d can modulate SSB. Figure 6 shows typical examples of two types of SSB versus P and d. In Figure 7 , we show the stable regions of symmetric and asymmetric solitons and bistable regions on the (P, d) plane. Generally, there exist two types of SSB, subcritical type and supercritical type, which are tantamount to the first and second kinds of phase transition in thermodynamics, respectively. The former one, i.e., subcritical type (discontinuity and existence mixed phase), features branches of the asymmetric states first going backward after the bifurcation point and then turning forward; the latter one, the supercritical type (continuous), features asymmetric branches going immediately forward after the bifurcation point.
In this model, SSB switches from supercritical type to the subcritical type in the region d > 1.82 or P > 2.55. (P, d) = (2.55, 1.82) is called the G point and is where the transition between the two types of SSBs occurs. In fact, the SSBs that occur in our system are always for solitons with finite widths, and the SSBs disappear as the total power of the soliton trends to zero. Our numerical simulations show that the symmetry transition becomes sharper when the control parameter is close to the G point. Figure 7 clearly shows that the long-range linearly-coupled effect can switch the SSB transition from supercritical type to the subcritical type by increasing the strength of long-range linearly-coupled effect d or increasing the total power P. In fact, the oscillatory nature (zigzag) does play a role in SSB. The G point indicates when the SSB switches from the supercritical type to the subcritical type in the (P, d) plane, which occurs at a large value of d. Without this oscillatory nature, the G point occurs at a small value of d [54] . This occurs because the subcritical type of SSB tends to be produced with wider solitons. The waveguides that induce SSB rely mainly on the value of −1 in the Rabi coupling lattices in Equation (1) . This Rabi coupling creates the oscillatory nature of zigzag solitons, which are much wider than non-oscillatory solitons. On the other hand, the larger d is, the stronger the long-range linearly-coupled effect between waveguides is, which contributes to wider solitons. Under the combination of these two effects (vertical Rabi coupling and the horizontal long-range linearly-coupled effect), the G point is changed in the (P, d) plane. At the end of this part, we show a typical example of the µ − P relationship with supercritical and subcritical SSBs in Figure 8 . The µ − P relationship satisfies the Vakhitov-Kolokolov (VK) criterion [55] . In 1973, Vakhitov and Kolokolov used a linear approximation with perturbation to find the stability criterion for the principal mode of the nonlinear wave equation. This criterion is called the Vakhitov-Kolokolov (VK) criterion, and it is a necessary stability condition of solitons. In the system of self-focusing nonlinearity, as in the proposed model, the VK criterion is expressed as dµ/dP < 0 [56]. 
Conclusions
In this work, we studied the Rabi coupled effect in two-component optical waveguide arrays with the long-range linearly-coupled effect. In addition, the stability of solitons and their SSB was studied. Based on numerical simulation, we found that a new type of stable zigzag solitons can exist in this system. By increasing the strength of the long-range linearly-coupled effect d or increasing the total power P, SSB can switch from the supercritical type to the subcritical type. These results help fill the blanks in the general picture of SSBs with the Rabi coupled effect and the long-range coupled effect. Finally, the new type of zigzag solitons may provide the abilities of signal data processing and could be used in fabricating new types of digital optical devices.
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